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{
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R ×−→R
t
 //
{
(0, 2t)
¦?D
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( ∀γ1, γ2 ∈ Mo(C) 
(
src(γ1) = tgt(γ2)
HB
src(γ2) = tgt(γ1)
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(C/∼)[x, y] = (C[x, y])/∼x,y
';8' C[x, y] = ∅ ¦?D2H B ¦?HF'TMH>AH8NB ¦ﬀD
(C/∼)[x, y] = ∅ (P±.H 'TMF'¦ (C/∼)[x, x] = (C[x, x])/∼x,y
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DM¦ﬀ¦?F'H)TﬃHL¦!HL8'¦ﬀHL>*6HLTﬃ¦ ;=.';8'8'K¦ ¦ﬀ;8 B'H¦ H0+:H>  :TMHL¦u'HS @CB?K5;=ﬀDMH¦¦?@8'¦ 6;F'TMH)( RŁ8 HNHB¦?D
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B;F'¦YTﬃHL¦YHL8'¦ﬀHL>*:TMHL¦W;=.';8'8'K¦ 6;F'=
n ∈ N  ∆n := {0, ..., n} (<>*F'8'D
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n
'@8'¦MqEr
1xtﬁu
DMTﬃ¦2@>*L8'H8 B­@F+
J';>S;Tﬃ; 5DMH¦N(<¦?DM8'5F'TMDL=ﬀHL¦!)P¦?DM>* 'TﬃDMLDM@TMH¦H BWLF''DﬃENF'HL¦4$@8'¦$qsr
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C/∼ HL8 H¦ﬀB.F'8'H @F:¦?¦?Dﬀ;U# ∼ HL¦B\T-@ L;8'5=?F'H8'LH α ∼ β ¦?D#HB.¦?HF'TMH>AH8NB.¦?D
(
src(α) = src(β)
HB
tgt(α) = tgt(β)
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∼ ¤T-@¦ﬀ¦?H$}KLENF'DﬃC@TﬃHL8'H#( 
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;F'LTﬃH  $@=­F'8'H LH=ﬀB@DM8'H ;8/5=ﬀF'HL8'H 5KL8'K=@TﬃDM¦?KH#( °;D&B
X
F:8 H¦k $@H
ﬀvﬃ
B;# ;Tﬃ; 5DﬃEGF:H2HB
P(X)
T-@  6HBD&BH\L@CBK5;=?DﬃH';8 BYT=}HL8:¦?HL> 'TMH'H¦W;GﬀHB?¦H¦ﬀB
R× |X| HBW;$#
P(X)[(a, x), (b, y)] :=
{ {
γ ∈ Spc[[a, b], X]∣∣∣γ(a) = x H B γ(b) = y} ¦ﬀD a ≤ b
∅ ¦?DM8:;8
xD'HL8 B?DﬃBK-'H
(a, x)
ﬃHL=?¦
(a, x)
$@8'¦ŁHBﬀBHY @CB?K5;=?DMHﬁHL¦ﬀBPTﬀ @# ' 'TMDﬃ @CB?DM;8J'K!'8'DMH¦ﬀF'= TMH(¦ﬀDM8/5TﬃHB?;8
{a} HB ';8 B­T=}DM>A@#5H­HL¦B {x} (­7TqHL¦B\LTM@DM=ENF$F:8'H*BHTMTMH @# / 'TﬃDML@CBDﬃ;8¯H¦ﬀB­F'8'DﬃENF'H#(!±.H  'TﬃF'¦
¦?D
P(X)[(a, x), (b, y)] 6= ∅ H B a = b @CTM;=ﬀ¦ 8'KLHL¦ﬀ¦@Dﬃ=?H>AH8NB x = y ŁHB*¦?D a < b P@TM;=?¦ b 6≤ a
HB*';8'
P(X)[(b, y), (a, x)] = ∅ ( V.Dﬃ8'¦?D P(X) HL¦ﬀBAF'8'Hz 6HBD&BH L@CBK5;=?DﬃH ¦@8'¦S6;F'LTﬃH#(%²@
L;>  6;¦?D&BDﬃ;8 HL¦BM';8:8'KLHK $@=STMH ;TMTM@#5Hg'Dﬃ=?HL BH2ﬁd'H 9<;8'B?DM;8'¦ﬁ)H¦ﬀBﬀ¤q3 ¤q:DM=?H ENF'H ¦?D
γ1
HL¦B
'K,!$8'D+¦?F:=
[a, b]
HB
γ2
¦ﬀF'=
[b, c]
H BENF'H
γ1(b) = γ2(b)
@Tﬃ;=?¦(;8K 6;¦?H
γ2 ◦ γ1 : [a, c] // X
t
 //
{
γ1(t)
¦?D
t ∈ [a, b]
γ2(t)
¦?D
t ∈ [b, c]
x @C¦?¦?;GLDM@CBD"ﬃGDﬃBK H¦ﬀBŁDﬃ>A>SK'DM@CBH)(#§;B?;8'¦q@CTM;=ﬀ¦
θa,b
T=}F'8'DﬃEGF:H(@# / :TMDML@CBDﬃ;8@S8'HﬁENF'DHL8Lﬃ;DﬃH
[0, 1]
¦?F:=
[a, b]
ŁH B1 6;¦?;8:¦j 6;F'=
γ
HB
γ′
=ﬀHL¦k 6HL BD"ﬃHL>SHL8 B :K!$8'Dﬃ¦ ¦ﬀF'=
[a, b]
H B
[a′, b′]

γ ∼ γ′ /¦
ENF$}DMTqH0+:Dﬃ¦ﬀB?H F'8'H J';>S;B;# 'DMHu'H
γ ◦ θa,b ﬃH=?¦ γ′ ◦ θa′ ,b′ ( [28 ﬃKL=ﬀD!$HS@Dﬃ¦?K>AH8NB2EGF:H ∼ HL¦BF:8'H
=?HT-@CB?DM;8|$KENF'DﬃC@TﬃHL8'HS¦ﬀF'=­T=}HL8'¦ﬀHL>*:TMH 'H¦!>S;=. 'J'DM¦ﬀ>AH¦ 'H
P(X)
HB!ENF'H ∼ HL¦ﬀB!;>  '@CBDﬃ'TMH
@%ﬃH\T-@;>* ;¦ﬀDﬃB?DM;8*'H
P(X)
(ŁRŁ8 H,N
H B%
H(s, t) := γ(t)
HL¦BF'8'H2J:;>A;CB;  'DﬃHYHL8 B=ﬀH
γ ◦ θa,b H B
γ ◦ θa,b LH2ENF'D$:;8'8'H\TM@=?K"$H,+D"ﬃD&BK)(ﬁ°GD H H¦ﬀBYF'8'H\J:;>A;CB;  'DﬃH@:H γ ◦ θa,b ﬃHL=ﬀ¦ γ′ ◦ θa′,b′ $@Tﬃ;=?¦
H(1− s, t) H¦ﬀBYF'8:H\J';>S;B;  :DMH2:H γ′ ◦ θa′,b′ ﬃHL=?¦ γ ◦ θa,b ';$# TM@ ¦ﬀ®G>SKB=ﬀDMH)(P°D H H B H ′ ¦ﬀ;8 B
=?H¦k 6HL BDﬃHL>SHL8 B:'HL¦PJ';>S;B;# 'DMH¦x'H
γ ◦θa,b ﬃHL=ﬀ¦ γ′ ◦θa′,b′ H B'H γ′ ◦θa′,b′ ﬃH=?¦ γ′′ ◦θa′′,b′′ G@Tﬃ;=?¦
H ′′(s, t) :=
{
H(2s, t)
¦ﬀD
s ∈ [0, 1
2
]
H(2s− 1, t) ¦ﬀD s ∈ [ 1
2
, 1]
HL¦B F:8'H J';>A;B?;  'DﬃH 'H
γ ◦ θa,b ﬃHL=ﬀ¦ γ′′ ◦ θa′′ ,b′′ U$};$# TM@ B?=@8:¦?DﬃB?DﬃGDﬃB?K#(ARŁ8'!$8$¦?D H1 HL¦B F'8:H
J';>S;B?;  'DMH'H
γ1 ◦ θa,b ﬃH=?¦ γ′1 ◦ θa′,b′
H B
H2
HL¦B\F'8'HJ';>S;B;# 'DMHJ'H
γ2 ◦ θc,d ﬃHL=ﬀ¦ γ′2 ◦ θc′,d′

HBWENF'H
γ2(c) = γ1(a)
@Tﬃ;=?¦;8 @
γ′2(c
′) = γ′1(a
′)
HB
H ′′(s, t) :=
{
H(s, 2t)
¦ﬀD
t ∈ [0, 1
2
]
H(s, 2t− 1) ¦ﬀD t ∈ [ 1
2
, 1]
HL¦BWF'8'H­J';>S;B;# 'DMH :H
γ3(t) :=
{
γ1(2t)
¦?D
t ∈ [0, 1
2
]
γ2(2t− 1) ¦?D t ∈ [12 , 1]
ﬃHL=?¦
γ′3(t) :=
{
γ′1(2t)
¦?D
t ∈ [0, 1
2
]
γ′2(2t− 1)
¦?D
t ∈ [1
2
, 1]
ENF'HT=};81 6HLFBŁ9 @LDﬃTMHL>SHL8 B#B=?@8'¦ﬀ9<;=?>SHL=qH8 F'8'HJ';>S;B?;  'DMH:'H
(γ2 ·γ1)◦θa,c ﬃHL=ﬀ¦ (γ′2 ·γ′1)◦θa′,c′

;$#
γ2 · γ1 HB γ2 · γ1 ¦?;8 B2TﬃHL¦WL;>* 6;¦?KHL¦ $@C8'¦ P(X) ([28| 6;¦?H @TM;=?¦ 6;F'=@'HLF+K 6;DM8 B?¦ x, y
'H
X

x ∼ y ¦?DH B¦?HF'TMH>AH8NBY¦ﬀDDMTH,+DM¦BH'HF+ >S;=k :J'DM¦ﬀ>AH¦ γ HB γ′ :H P(X) B?HLTﬃ¦(ENF'H γ ∼ γ′
HB
(src(γ) = x
HB
src(γ) = y)
;F
(tgt(γ) = x
H B
tgt(γ) = y)
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H BDﬃB?HM)ﬁL@CBK5;=?DﬃH C :T-@  @CB?K5;=?DMH HelixN(C) HL¦B4'K!$8:DMH\L;>A>SH\¦?F'D&B%6ŁTM@
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Helix : Cat × PoSet → LfCat ';8NBAT-@  $@C=ﬀBDﬃH ;GﬀHBAHL¦Bﬂ:K!$8'DﬃHK 6;F'=
B;F:BH  6HB?DﬃBH¯ @CB?K5;=ﬀDMH C HB B?;F:B HL8:¦?HL> 'TMHﬂ;=.';8'8:K P  $@= Helix(C, P ) := HelixP (C) 
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;F'LTﬃH L  Ob(Helix(C,L)) :=
Ob(C) × Ob(L) HB Helix(C,L)[(x1, n1), (x2, n2)] := ∅ ¦?D ( n1 6vo n2 ;F ( n1 = n2 HB x1 6=
x2
) )0
Mo[(x, n), (x, n)] := {id(x,n)} H B Mo[(x1, n1), (x2, n2)] := Mo[x1, x2] ×Mo[n1, n2] ¦?D
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HB
G : L1 → L2 F'8 >S;=. 'J'DM¦ﬀ>AH2'HAqEr 1xtsu ';8K 6;¦?H
Helix(F,G)(x, y) := (F (x), G(y))
Helix(F,G)( x1
α // x2 , n1
β // n2 ) := ( F (x1)
F (α) // F (x2) , G(n1)
G(β) // G(n2) ).
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